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The phenomenon of the load diﬀusion from a ﬁbre to a surrounding matrix is analysed for the 2D case. We use an
approximate analytical approach based on the asymptotic reduction of the governing biharmonic problem into two har-
monic problems. The comparison of the obtained solutions with known results of other authors shows an acceptable accu-
racy of the proposed asymptotic simpliﬁcations. All solutions are obtained in closed analytical form.
The case of perfect bonding between ﬁbre and matrix for a single ﬁbre and for a periodic system of ﬁbres is ﬁrstly con-
sidered. Then we study the inﬂuence of the interface stiﬀness. In the case when only a single ﬁbre is loaded, the inﬂuence of
all other ﬁbres is predicted by means of a three-phase model. The proposed approach gives a possibility to solve the prob-
lems for a broken ﬁbre and for a broken matrix, as well as for partly debonded ﬁbres. The important problem of inﬁnite
matrix cracks is also solved in the present paper.
The obtained results can be used for the calculation of pull-out and push-out tests, as well as for the investigation of the
fracture of composite materials.
 2008 Published by Elsevier Ltd.
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The calculation of properties of composite materials is an outstanding problem in material sciences and
engineering, and has received since many years considerable and more recently increasing attention. One of
the ﬁrst papers on the issue of elementary problems of matrix-ﬁbre interaction dates back to Melan (1931),
who studied the problem of transmission of stresses between an inﬁnite ﬁbre and an inﬁnite, linear elastic
matrix. Melan’s paper was later reconsidered and extended by several authors. The generalization of Melan’s
problem to a semi-inﬁnite ﬁbre was considered by Buell (1948), Koiter (1955), Brown (1957), and Kalandiia
(1969), while Benscoter (1949) and Erdogan and Gupta (1971) dealt with a ﬁbre of ﬁnite length. Buell (1948)0020-7683/$ - see front matter  2008 Published by Elsevier Ltd.
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end by a force along the boundary.
Koiter (1955) used Mellin and Laplace transforms and obtained asymptotic solutions for a ﬁbre-force near
and far from the point of load application. An inﬁnite matrix with a semi-inﬁnite ﬁbre was also discussed by
Brown (1957), who used the Kolosov representation for stresses. The same problem was solved by Kalandiia
(1969) with the help of the Wiener-Hopf method.
Reissner (1940) was the ﬁrst to take up a more complicated problem of the load transfer from a transverse
ﬁbre, a ﬁnite segment of which overlaps with, and is continuously bonded to, a half elastic plane.
The reduction to a 1D representation of the ﬁbre as proposed by Reissner was removed by Muki and Stern-
berg (1968), Buﬂer (1964), and Sternberg (1970), who modelled the ﬁbre as a 2D strip attached to the bound-
ary of a semi-inﬁnite matrix. Shield and Kim (1992) studied the ﬂexural stiﬀness of the ﬁbre. Goodier and Hsu
(1954) considered the case of the ﬁbre perpendicular to the boundary of the semi-inﬁnite matrix and obtained
the decay of the ﬁbre-force by direct numerical methods.
A solution to the periodical plane problem for a ﬁbrous composite was obtained by Grilitskii and Sulim
(1975a,b), Sulim (1981, 1983), and Sulim and Grilitskii (1972). A problem of the stress distribution in a strip
with a rectilinear arbitrary oriented thin elastic inclusion of ﬁnite length was considered by Grilitskii et al.
(1979). They reduced the governing problem to a system of singular integral equations by means of the Fourier
integral transform. Then, using the method of orthogonal polynomials, the integral equations were reduced to
a quasi-regular inﬁnite system of linear algebraic equations, which was solved by the truncation method.
There are many papers devoted to half-planes or strips reinforced on the boundary by ﬁbres of inﬁnite length
(Melan, 1931; Buﬂer, 1964; Antipov and Arutyunyan, 1993; Bardzokas and Sfyris, 2005), semi-inﬁnite ﬁbres
(Buell, 1948; Koiter, 1955; Nuller, 1975; Vorob’ev and Popov, 1970) or ﬁnite ﬁbres (Arutyunyan, 1968; Morar’
and Popov, 1970; Alexandrov and Mkhitaryan, 1983; Grigolyuk and Tolkachev, 1987; Antipov, 1993).
For special boundary conditions it is possible to obtain exact solutions for periodic systems of ﬁbres for the
half-plane and strip matrixes (Andrianov and Manevitch, 1975; Manevitch et al., 2002).
Dollar and Steif (1988) have studied the load transfer across a frictional interface between a ﬁbre and a half-
plane matrix. The solution was written in terms of Muskhelishvili complex stress potentials. The obtained sin-
gular integral equation was numerically solved. The problem of interfaces with a friction between a ﬁbre and a
matrix has been analysed by Antipov and Arutyunyan (1993), who considered the simultaneous presence of
Coulomb friction and perfect adherence. In the papers by Antipov (1996) and Lenci (2000), Melan’s problem
has been reconsidered under the hypothesis that the adherence between the ﬁbre and the matrix is not perfect.
Dollar and Steif (1991) have studied an inﬁnite 2D solid, composed of alternating layers of ﬁbres and
matrix, which are linked by Coulomb friction and subjected to a remote plane tensional strain. Along the
direction normal to the ﬁbres the matrix material is cracked. The authors proposed an approximate solution
of this problem.
The main aim of the present work is to propose a new asymptotic technique for the calculation of proper-
ties of plane composites with ﬁbrous inclusions. The paper is organized as follows. In Section 2, we describe
the asymptotic technique which will be used in the sequel. We greatly simplify the governing boundary value
problem due to a singular asymptotic approach. Comparisons with known analytical results obtained by
Melan (1931), Koiter (1955), and Grigolyuk and Tolkachev (1987) are given in Section 3. The problem for
a single ﬁbre in a strip is solved in Section 4. In Section 5, we present a solution for a periodic system of ﬁbres
and an error estimation of the shear-lag model. In Section 6, we investigate the inﬂuence of weak interfaces
between the periodic system of ﬁbres and matrix. The problem of single broken ﬁbres is analysed in Section
7. Here we also analyse the inﬂuence of other ﬁbres, using a three-phase model. The case of partly debonded
ﬁbres is studied in Section 8. Section 9 is devoted to the inﬁnite crack in a matrix. Finally, we brieﬂy discuss the
obtained results in Section 10.
2. Asymptotic simpliﬁcation of the generalized plane stress problem
Problems involving anisotropy in general are more diﬃcult to solve than the isotropic ones. On the other
hand, as it has been shown by Kosmodamianskii (1966, 1976), and independently by Manevitch et al. (1970,
1971) and by Everstine and Pipkin (1971, 1973) (see also Spencer, 1974; and Christensen, 2005, Chapter 6.1),
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approach using as a small parameter e the ratio of rigidities in the diﬀerent directions. A special asymptotic
technique using expansions with respect to e gives a possibility to reduce the input biharmonic boundary value
problem of the generalized plane stress problem to two harmonic boundary value problems (Manevitch and
Pavlenko, 1975, 1982, 1991; Manevitch et al., 1979; Andrianov et al., 2004). It has also been shown that even
in the isotropic case the error involved in the ﬁrst approximation is rather low. Mathematical foundations of
this asymptotic technique have been studied by Bogan (1981, 1994).
Let us brieﬂy discuss the asymptotic approach proposed by Manevitch and Pavlenko (1975, 1982, 1991). As
this technique was proposed and highly developed by Manevitch and Pavlenko, we will use the abbreviation
MP approach.
The generalized plane stress problem for an orthotropic strip (Fig. 1) can be written as follows:B11V yy þ B33V xx þ ðB12 þ B33ÞUxy ¼ 0; ð2:1Þ
B22Uxx þ B33Uyy þ ðB21 þ B33ÞV xy ¼ 0:Here U and V are the displacements in x and y direction, respectively, Bij are the rigidities of the orthotropic
strip, subscripts x and y denote the corresponding partial derivatives.
At y = 0, H one of the following types of boundary conditions can be assumed:T 1 ¼ T 01; V ¼ V 01 or ð2:2Þ
T 1 ¼ T 01; S ¼ S0 or ð2:3Þ
V ¼ V 01; U ¼ U 01 or ð2:4Þ
V ¼ V 01; S ¼ S0; ð2:5Þwhere S0(x), T01(x) and U = U01(x), V = V01(x) are the boundary forces and displacements, respectively,
T1 = B11Vy + B12Ux, S = B33(Vx + Uy).
The ratio e = B33/B11 can be considered as a small parameter. Following Manevitch and Pavlenko (1975,
1982, 1991) in the ﬁrst approximation we obtain two systems of constitutional equations governing the stress
states with the diﬀerent variability along the y-axis:B11V yy þ B33V xx ¼ 0; ð2:6Þ
B22Uxx þ B33Uyy ¼ 0: ð2:7ÞIn the ﬁrst case the main components of the stress–strain state are the displacement V and the forces T1 and S,
which can be determined by the following simpliﬁed Eqs.:T 1 ¼ B11V y ; S ¼ B33V x: ð2:8Þ
The boundary conditions for Eq. (2.6) at y = 0,H have the form:B11V y ¼ T 01 or ð2:9Þ
V ¼ V 01: ð2:10ÞThe solution of Eqs. (2.6), (2.9) or Eqs. (2.6), (2.10) is relatively slow varying in the y-direction. On the
contrary, Eq. (2.7) describes the stress–strain state that is essentially faster varying in the y-direction thanx,U
y,V
H
0
Fig. 1. Orthotropic strip under consideration.
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and S:T 2 ¼ B22Ux; S ¼ B33Uy : ð2:11Þ
The boundary conditions at y = 0,H are:U ¼ U 01 or ð2:12Þ
S ¼ S0: ð2:13ÞThe solution of Eqs. (2.1) with boundary conditions (2.2) (or (2.3); or (2.4); or (2.4)) can be obtained as a com-
bination of the solutions of Eqs. (2.6), (2.8) with boundary conditions (2.9) (or 2.10)) and Eqs. (2.7), (2.11)
with boundary conditions (2.12) (or (2.13)). It should be noted that the MP approach can be also successfully
used in the isotropic case (Manevitch and Pavlenko, 1975, 1982, 1991). In particular, Eqs. (2.6), (2.9) for the
isotropic generalized plane stress problem can readEhV yy þ GhV xx ¼ 0; ð2:14Þ
EhV y ¼ T 01 at y ¼ 0;H ; ð2:15Þwhere E* = E(1  m2)1, h, E, G, and m are, respectively, the thickness of the matrix, the Young’s modulus, the
shear modulus and the Poisson’s ratio of the matrix.
For error estimation we compare the exact and the MP approximate solutions of the following illustrative
problem. Let the concentrated force T01 = T0d(x), where d(Æ) is the Dirac delta-function, be applied at the
point x = y = 0 on the orthotropic and isotropic half-planes. In the orthotropic case one has e = B33/B11,
B11 = B22, in the isotropic case e = G(1  m2)/E*. The exact result for the normal force is (Manevitch et al.,
1979):T 1 ¼  T 0ypða2  a1Þ
1
a21x2 þ y2
 1
a22x2 þ y2
 
; ð2:16Þwhere a2i ¼ 0:5e1 1 e2ða3  1Þ þ ð1Þi
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½1 e2ða3  1Þ2  4e2
q 
, i = 1, 2; a3 = (B33 + B12)/B33 in the
orthotropic case and a3 = 1 + mE*[G(1  m2)]1 in the isotropic case.
Expanding the right-hand part of Eq. (2.16) by powers of e one obtains:T 1 ¼  T 0ye
1=2
p
a4
ea24x2 þ y2
 
þ eþ e2 þ ð1þ a3Þe3 þ Oðe4Þ
  a4
ea24x2 þ y2
 1
x2 þ ea24y2
  
;where a4 = 1 + 0.5(e + m)
2.
We calculate the values T = (py/T0)T1 on the line x = 0 for an orthotropic (e = 0.135, B12/B11 = 0.14) and
an isotropic (m = 0.3) material. In the orthotropic case the exact solution is: T = 2.97; the zero- and the ﬁrst-
order approximations of the MP approach yield: T = 2.69 and T = 3.01, respectively. In the isotropic case the
exact solution is T = 2.0, zero- and the ﬁrst-order MP approximations are T = 1.69 and T = 2.07, respectively.
3. Comparison of the approximate solutions with the known analytical results
Let us consider the plane load-transfer problem studied by Melan (1931) that describes the diﬀusion of an
axial load from an inﬁnite ﬁbre into a coplanar matrix of constant thickness; the load is applied to the cross
section of the ﬁbre (Fig. 2).
The Melan’s analysis is based on the following basic approximate assumptions: the ﬁbre is considered as a
1D elastic continuum, the bending stiﬀness of the ﬁbre is neglected; the matrix is considered as a 2D elastic
continuum according to the conventional theory of the generalized plane stress; the bond between the matrix
and the ﬁbre is supposed to be perfect and continuous; the ﬁbre’s attachment is modelled as an ideal line-
contact.
The exact integral Eq. for the ﬁbre-force T(y) is (Muki and Sternberg, 1968):
xy, V
P
0
Fig. 2. Melan’s problem for inﬁnite matrix and ﬁbre.
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p
Z 1
1
T nðnÞ þ dðnÞ
y  n dn ¼ 0; 1 < y < 1; ð3:1Þwhere k = 4Eh[(3  m)(1 + m)E1F]1, E1 is the Young’s modulus of the ﬁbre, F is the cross-section area of the
ﬁbre.
For the calculation of the integral in Eq. (3.1) the concept of Cauchy principal value must be applied. Using
the exponential Fourier transform one obtains (Muki and Sternberg, 1968):T ðyÞ ¼  P
p
cosðkyÞsiðkyÞ þ sinðkyÞCiðkyÞ½ ; ð3:2Þwhere si(Æ) and Ci(Æ) are the familiar sine and cosine integrals, si(y) = p/2 + Si(y), CiðyÞ ¼ cþ
ln y þ R y
0
t1ðcos t  1Þdt, SiðyÞ ¼ R y
0
t1 sin tdt, c is the Euler constant, c = 0.5772156649. . . (Abramowitz
and Stegun, 1965, Chapter 5).
Applying the MP approach, one obtains the solution of Melan’s problem in the form (3.2), where the
parameter k has to be replaced by parameter k1:k1 ¼
ﬃﬃﬃ
2
p
Ehﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 mp E1F
: ð3:3ÞLet us compare the values of the parameters k and k1. For m = 0 and m = 0.3 one obtains, respectively,
k/k1  0.94 and k/k1  0.88. So, the error of the MP approach in this case is not excessive.
Koiter (1955) analyzed a problem for a semi-inﬁnite ﬁbre (Fig. 3). Applying the Mellin transform the gov-
erning equation was turned to a diﬀerence equation with variable coeﬃcients. Using the logarithmic derivative
from the both sides of this equation, Koiter reduced it to an equation with constant coeﬃcients. The obtained
equation was solved by means of the Laplace transform. In order to derive the inverse Mellin transform, Koit-
er used an asymptotic approximation for small and large values of the coordinate y and ﬁnally obtained:x
y,V
P
0
Fig. 3. Koiter’s problem.
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ﬃﬃﬃﬃﬃ
ky
p
r !
for y !1; ð3:4Þ
T ðyÞ   P
pky
for y !1: ð3:5ÞWe match right hand parts of Eqs. (3.4), (3.5) and obtain an asymptotically equivalent function valid for all
values of y:T ðyÞ  P
1þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃky=pp þ pky : ð3:6ÞThe MP approach yields the solution in the form (3.4)–(3.6), where the variable k must be substituted by k1.
Grigolyuk and Tolkachev (1987) considered the equilibrium state of an elastic ﬁbre of ﬁnite length l
attached to an inﬁnite matrix (Fig. 4). Using Carleman regularization, they reduced the governing problem
to a regular inﬁnite system of linear algebraic equations; then a numerical solution was calculated by
truncation.
Using the MP approach one comes to Grigolyuk-Tolkachev’s results with a substitution of k by k1. For
k! 0, Grigolyuk and Tolkachev obtained the following asymptotic solution:T ðyÞ ¼ P 1 2
p
arcsin
ﬃﬃ
y
l
r 
: ð3:7ÞThe same Eq. (3.7) can be derived using the MP approach.4. Single ﬁbre in a matrix-strip
We start with a problem for a single ﬁbre (Fig. 5). Following the MP approach the governing Eqs. can be
written as follows:x
y,V
P
0l
Fig. 4. Grigolyuk–Tolkachev’s problem.
x,U
y,V
H
 
0
P
P
Fig. 5. Single ﬁbre problem.
I.V. Andrianov et al. / International Journal of Solids and Structures 45 (2008) 1217–1243 1223½Ehþ E1F dðxÞV yy þ GhV xx ¼ 0; ð4:1Þ
½Ehþ E1F dðxÞV y ¼ PdðxÞ at y ¼ 0;H : ð4:2ÞEqs. (4.1), (4.2) must be accompanied by the following condition:V ! 0 at jxj ! 1:
Here and in the sequel the applied load P can be tensile or compressive, however, in the last case we assume
that no buckling takes place.
Using the ﬁnite integral transform (Tranter, 1971)V ðx; sÞ ¼
Z H
0
V ðx; yÞ cos psy
H
dy ð4:3Þone obtains from Eqs. (4.1), (4.2): ps
H
	 
2
½Ehþ E1F dðxÞV ðx; sÞ þ GhV xxðx; sÞ ¼ PdðxÞ½ð1Þs  1: ð4:4ÞApplying to the Eq. (4.4) the exponential Fourier transformeV ðq; sÞ ¼ 1ﬃﬃﬃﬃﬃ
2p
p
Z 1
1
V ðx; sÞeiqx dx; ð4:5Þone obtainseV ðq; sÞ ¼ ps
H
	 
2
Ehþ Ghq2
 1
A; ð4:6Þwhere A ¼ 1ﬃﬃﬃ
2p
p P 0  p2E1Fs2H2 V ð0; sÞ
h i
, P0 = P[1  (1)s].
Applying the Fourier transform (4.5) to Eq. (4.6) one obtainsV ðx; sÞ ¼ A1 exp  pasjxjH
 
; ð4:7Þwhere A1 ¼ AHﬃﬃﬃ2pp Ghas, a ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃE=Gp .
The following equationV ð0; sÞ ¼ A1
allows us to determine V ð0; sÞ.
Using the inverse ﬁnite integral transformV ðx; yÞ ¼ 2
H
X1
k¼1
cos
pky
H
V ðx; kÞ ð4:8Þfrom Eq. (4.7) we ﬁnally obtain:V ðx; yÞ ¼ 4PH
p2E1F
X
k¼1;3;5;...
exp  pakjxjH
	 

kðk þ gHÞ cos
pky
H
; ð4:9Þwhere g ¼ 2h
ﬃﬃﬃﬃﬃﬃ
EG
p
pE1F
.
Eq. (4.9) goes over into the Eq. that was derived by Manevitch and Pavlenko (1991).
The displacement at the point (0,0) can be determined by evaluating Eq. (4.9) with x = y = 0. Calculating
the sum in Eq. (4.9) by means of formula 5.1.6.10 of Prudnikov et al. (1986), one obtains:V ð0; 0Þ ¼ P
ph
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p wðgH þ 1Þ  1
2
w
gH þ 1
2
 
þ 1
2
wðgHÞ þ cþ ln 2
 
;
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Chapter 6). The force in the ﬁbre is:T ðyÞ ¼ E1FV y jx¼0: ð4:10Þ
Unfortunately, it is not possible to diﬀerentiate the right hand part of Eq. (4.9) with respect to y term by term
at x = 0. In order to improve this drawback we add to and subtract from the right hand part of Eq. (4.9) the
series4PH
p2E1F
X
k¼1;3;5;...
1
k2
cos
pky
H
: ð4:11ÞCalculating the sum (4.11) by means of formula 5.4.2.12 of Prudnikov et al. (1986) and using Eq. (4.10) we
deriveT ðyÞ ¼ P þ P 2
X
k¼1;3;5;...
sin pkyH
kðk þ gHÞ ; ð4:12Þwhere P 2 ¼ 8PHh
ﬃﬃﬃﬃﬃﬃ
EG
p
p2E1F
.
The contact force is:sðyÞ ¼ 0:5T y : ð4:13Þ
The right hand part of Eq. (4.12) can not be diﬀerentiated term by term with respect to y at x = 0, that is why
we add to and subtract from the right hand part of Eq. (4.12) the seriesP 2
X
k¼1;3;5;...
1
k2
sin
pky
H
: ð4:14ÞCalculating the sum (4.14) by means of formula 5.4.2.11 of Prudnikov et al. (1986) one obtainsT ðyÞ ¼ P  pP 2
2H
Z y
0
ln tan
pz
2H
	 

dz gP 2H
X
k¼1;3;5;...
sin pkyH
k2ðk þ gHÞ : ð4:15ÞUsing Eqs. (4.13) and (4.15) we derivesðyÞ ¼  2Ph
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
pE1F
ln tan
py
2H
	 

 8PHh
2EG
ðpE1F Þ2
X
k¼1;3;5;...
cos pkyH
kðk þ gHÞ : ð4:16ÞThe contact force s(y) have the logarithmic singularities at the points y = 0, y = H.
Now let us turn to the limit H!1. One can not do this for the displacements, but it is possible to do this
for the stresses (Parton and Perlin, 1984). Eq. (4.12) for H!1 yields:T ðyÞ ¼  2P
p
½Ciðg1yÞ sinðg1yÞ  siðg1yÞ cosðg1yÞ; ð4:17Þwhere g1 ¼ 2h
ﬃﬃﬃﬃﬃﬃ
EG
p
E1F
.
The obtained solution (4.17) possesses the following asymptotic behaviour:T ðyÞ  P 1þ 2
p
g1yðln y  1Þ
 
at y ! 0; ð4:18Þ
T ðyÞ   2P
pg1y
at y !1: ð4:19ÞUsing Eq. (4.13) we obtainsðyÞ ¼ Pg
p
½Ciðg1yÞ cosðg1yÞ þ siðg1yÞ sinðg1yÞ: ð4:20ÞAt y!1 the contact force s(y) decays as y2; at y! 0 it involves a logarithmic singularity.
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(e.g., for rigid ﬁbres or for a narrow strip) we can approximately replace Eq. (4.9) by the following oneV ðx; yÞ  4PH
p2E1F
X
k¼1;3;5;...
exp  pakjxjH
	 

k2
cos
pky
H
: ð4:21ÞEq. (4.21) yields:V y   4PpE1F
X
k¼1;3;5;...
exp  pakjxjH
	 

k
sin
pky
H
: ð4:22ÞCalculating the series in right hand part of Eq. (4.22) by means of formula 5.4.12.5 of Prudnikov et al. (1986),
multiplying the obtained result by E1F and then passing to the limit x! 0 one derivesT ðyÞ ¼  2P
p
arctan
sin pyH
cos pyh þ 1
 
 arctan sin
py
H
cos pyH  1
  
: ð4:23ÞThe obtained solutions (4.16), (4.20) have logarithmic singularities in the contact forces at the ends of the ﬁbre.
On the other hand the exact analysis of the asymptotic behaviour of the contact forces based on the governing
biharmonic problem reveals the presence of a power singularity (Muki and Sternberg, 1968; Sternberg, 1970;
Tikhonenko, 1984). More exactly, Muki and Sternberg (1968) obtainedsðyÞ ¼ OðyqÞ as y ! 0; ð4:24Þ
where q is the unique real root on the interval (0,1) of the transcendental equationcos½ð1 qÞp  2ð1þ mÞ
3 m ð1 qÞ
2 þ 8 ð3 mÞð1þ mÞð3 mÞð1þ mÞ ¼ 0:The above mentioned drawback of the MP approach can be overcome by matching the approximate solutions
(4.16) or (4.20) with singular solution (4.24), using the technique described by Parton and Perlin (1984). We
represent the singular solution in the formsðyÞ ¼ Cyq; ð4:25Þ
where C is an unknown constant.
We suppose that in some unknown point ys approximate solutions (4.16) or (4.20) and singular solution
(4.25) must have the same value and the same ﬁrst derivatives. Then one obtains two Eqs. to determine the
unknown constants C and ys.
5. Periodic systems of ﬁbres
Now we go on to the composite materials with a periodic system of ﬁbres (Fig. 6). The governing Eqs. can
be written as followsx,U
y,V
H
 
0
P
P
P
P
P 
P 
P
P
P
P
2b
Fig. 6. Composite ﬁbre-reinforced strip.
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X1
k¼1
dðx 2bkÞ
" #
V yy þ GhV xx ¼ 0; ð5:1Þ
Ehþ E1F
X1
k¼1
dðx 2bkÞ
" #
V y ¼ P
X1
k¼1
dðx 2bkÞ at y ¼ 0;H : ð5:2ÞUsing the ﬁnite integral transformeV ðq; sÞ ¼ Z b
b
Z H
0
V ðx; yÞ cos psy
H
cos
pqx
2b
dxdy ð5:3Þone obtains from Eqs. (5.1), (5.2)eV ðq; sÞ ¼  P ½ð1Þs  1 þ E1F psH 2V ð0; sÞ
Eh psH
 2 þ Gh pqb 2 : ð5:4ÞThe inverse transformV ðx; sÞ ¼ 1
b
X1
q¼1
eV ðq; sÞ cos pqx
2b
ð5:5Þafter calculating the sum in right hand part of Eq. (5.5) by formula 5.4.5.1 of Prudnikov et al. (1986) gives:V ðx; sÞ ¼ H P ½ð1Þ
s  1 þ E1F psH
 
V ð0; sÞ 
2p
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
hs
cosh pasðxbÞH
sinh pasbH
 H
pasb
" #
; 0 6 x 6 2b: ð5:6ÞIn Eq. (5.6) the term H/(pasb) has to be omitted because it is of order
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G=E
p
and following the MP approach
we neglect the terms of this order in the ﬁrst approximation.
Setting x = 0 in Eq. (5.6) we can determine V ð0; sÞ. Then the inverse integral transform (4.8) givesV ðx; yÞ ¼ 4PH
p2E1F
X
n¼1;3;5;...
cosh panðxbÞH cos
pny
H
n gH sinh panbH þ n cosh panbH
  : ð5:7ÞSetting on the rigt hand part of Eq. (5.7) x = 0, adding to and subtracting from it the series (4.11) and using
Eq. (4.10) one obtains the ﬁbre-force:T ðyÞ ¼ P þ 8PHh
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
p2E1F
X
n¼1;3;5;...
sin pnyH
n ncotanh panbH þ gH
  : ð5:8ÞAdding and subtracting to the right hand part of Eq. (5.8) series (4.14) and using Eq. (4.13) we can determine
the contact force:sðyÞ ¼  2Ph
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
pE1F
ln tan
py
2H
	 

 4Ph
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
pE1F
X
n¼1;3;5;...
n cotanh panbH  1
 þ gH  cos pnyH
n ncotanh panbH þ gH
  : ð5:9ÞFor b!1 the Eqs. (5.8), (5.9) go over into the Eqs. (4.12), (4.16).
For the matrix stress one obtains:T 1ðx; yÞ ¼ 4PE
H
pE1F
X
n¼1;3;5;...
cosh panðxbÞH sin
pny
H
gH sinh panbH þ n cosh panbH
; 0 < x < b: ð5:10ÞThe maximal value Tmax1 of the matrix stress is reached at the point y = H/2 and equalsTmax1 ¼
4PEH
pE1F
X
n¼0
ð1Þn cosh pað2nþ1ÞðxbÞH
gH sinh pað2nþ1ÞbH þ ð2nþ 1Þ cosh pað2nþ1ÞbH
: ð5:11ÞFor H!1, Eq. (5.8) yields
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p
Z 1
0
sinðsyÞ
DðsÞ ds; ð5:12Þwhere D(s) = s + g1tanh(abs).
The denominator in the integral on the right hand part of Eq. (5.12) has the following asymptotic
behaviour:DðsÞ ! ð1þ g1Þs for s! 0; ð5:13Þ
DðsÞ ! sþ g1 for s!1: ð5:14ÞLet us decompose the integral on the right hand part of Eq. (5.12) into two parts using Eqs. (5.13), (5.14):T ðyÞ   2P
p
1
1þ g1
Z a
0
sinðsyÞds
s
þ
Z 1
a
sinðsyÞds
sþ g1
 
¼  2P
pð1þ g1Þ
siðayÞ þ p
2
h i
 2P
p
Cið½g1 þ ayÞ sinð½g1 þ ayÞ  sið½g1 þ ayÞ cosð½g1 þ ayÞf g; ð5:15Þwhere a* is a certain intermediate value of the parameter s.
It is natural to assume a* = b1, because solution decays to the small value in this distance.
Using Eq. (4.13), we obtain from Eq. (5.15):sðyÞ ¼  P
pð1þ g1Þ
sinðayÞ
y
þ P ðg1 þ a
Þ
p
Cið½g1 þ ayÞ cosð½g1 þ ayÞþf Sið½g1 þ ayÞ sinð½g1 þ ayÞg: ð5:16ÞFor b!1, Eqs. (5.15), (5.16) go over into Eqs. (4.17), (4.20).
Now let us suppose that a constant load Q is applied to the matrix and loads 2bQ are applied to the ﬁbres.
In this case the governing Eqs. are:½Ehþ E1F dðxÞV yy þ GhV xx ¼ 0; ð5:17Þ
½Ehþ E1F dðxÞV y ¼ Q½1 2bdðxÞ; b 6 x 6 b: ð5:18ÞUsing the integral transform (5.3), one obtains from Eqs. (5.17), (5.18): sp
H
	 
2
½Ehþ E1F dðxÞV ðx; sÞ þ GhV xxðx; sÞ ¼ Q½1 2bdðxÞ½ð1Þs  1: ð5:19ÞThe solution of Eq. (5.19) is:V ðx; sÞ ¼ V 0ðsÞ þ
X1
j¼1
V jðsÞ cos jpxb : ð5:20ÞSubstituting Eq. (5.20) into Eq. (5.19) and splitting it with respect to cosines we obtain an inﬁnite system of
linear algebraic equations: 2bEhV 0ðsÞ  E1F V 0ðsÞ  E1F
X1
j¼1
V jðsÞ ¼ 0; ð5:21Þ
sp
H
	 
2
E1F V 0ðsÞ þ
X1
j¼1
V jðsÞ
" #
þ p
2Gh
b
k2 þ a2s2 b
h
 2" #
V kðsÞ ¼ 2bQ½1 ð1Þs; k ¼ 1; 2; 3; . . . : ð5:22ÞFrom Eq. (6.21) one obtains
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1þ E2
X1
j¼1
V jðsÞ; ð5:23Þwhere E2 = 2bE*h/(E1F).
Substituting Eq. (5.23) to Eqs. (5.22) we obtains2E3
X1
j¼1
V jðsÞ þ 0:5G1 k2 þ a2s2 bh
 2" #
V kðsÞ ¼ Qs; k ¼ 1; 2; 3; . . . ; ð5:24Þwhere E3 ¼ E21þE2 bH
 2
, Qs ¼ ½ð1Þs  1 Qb
2
p2E1F
, G1 ¼ 2bGhE1F .
Introducing the following notationAðsÞ ¼ s2E3
X1
j¼1
V jðsÞ; ð5:25ÞEqs. (5.24) can be rewritten in the form:AðsÞ ¼ 2s
2E3ðQs  AÞ
G1
X1
j¼1
1
j2 þ a2s2 bH
 2 : ð5:26ÞComputing the series on the right hand part of Eq. (5.26) by means of formula 5.1.25.4 of Prudnikov et al.
(1986) and omitting the term H/(pasb) one derivesAðsÞ ¼ pHE3Qss
abG1 tanh pas bH
 þ pHE3s : ð5:27Þ
Then Eq. (5.23) givesV 0ðsÞ ¼  QH
3½ð1Þs  1
pE0s½abG1 tanhðpas bHÞ þ pHE3s
: ð5:28ÞUsing the inverse transformV jðyÞ ¼ 2H
X1
k¼1
cos
pky
H
V jðkÞ; j ¼ 0; 1; 2; . . . ð5:29Þwe obtainV 0ðyÞ ¼ QHpE0
X
k¼1;3;5;...
cos kpH y
k pE3k þ a bH G1 tanh pas bH
   : ð5:30ÞSubstituting Eq. (5.26) to Eq. (5.24) one hasV jðsÞ ¼ 2ðQs  AÞ
G1 j2 þ a2s2 bH
 2h i ; j ¼ 1; 2; 3 . . . : ð5:31Þ
Then, using the inverse transform (5.29) one obtainsV jðyÞ ¼ 2Qb
2
p2HE1F
X
k¼1;3;5;...
ð2 A1Þ cos kpyH
G1 j2 þ a2k2 bH
 2h i ; j ¼ 0; 1; 2; 3; . . . ; ð5:32Þ
where A1 ¼ pHE3kabG1 tanh pak bHð ÞþpHE3k.
Cox (1952) has proposed a so called shear-lag model, which nowadays is widely used in the theory of com-
posite materials. This model is based on the assumption that the matrix undergoes only a constant shear defor-
mation. In order to estimate the error of the shear-lag model let us consider a problem of alternating loading
(Fig. 7). Using the conditions of symmetry one gets for the solution Va(x,y)
x,U
y,V
H
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Fig. 7. Fibre-reinforced composite strip under alternating loading.
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Solution Va(x,y) can be derived from Eq. (5.7) in the following way:V aðx; yÞ ¼ V ðx; yÞ  V ðb; yÞ: ð5:34Þ
From Eqs. (5.7) and (5.34) we obtainV aðx; yÞ ¼ 4PHp2E1F
X
n¼1;3;5;...
½cosh panðxbÞH  1 cos pnyH
n gH sinh panbH þ n cosh panbH
  ; b 6 x 6 b: ð5:35ÞThe displacements of the ﬁbre can be determined as follows:Uað0; yÞ ¼ 4PHp2E1F
X
n¼1;3;5;...
cosh panbH  1
n gH sinh panbH þ n cosh panbH
  : ð5:36ÞIn this case the shear-lag model gives the solutionV ðslÞðx; yÞ ¼ P ðH  2yÞðb xÞ
2E1Fb
: ð5:37ÞLet us now calculate the ratio of the displacements at the point x = y = 0:V að0; 0Þ
V ðslÞð0; 0Þ ¼
8
p2
X
n¼1;3;5;...
cosh panbH  1
n gH sinh panbH þ n cosh panbH
  : ð5:38ÞEq. (5.38) gives a possibility to estimate the accuracy of the shear-lag model.
6. Periodic systems of ﬁbres with weak interface
The interface between ﬁbre and matrix can play an important role in determining the properties of the com-
posite material. Usually, stresses are continuous across the interface, while the displacements may be contin-
uous or discontinuous. In the former case the interface is called ‘‘strong’’, whereas in the latter case it is called
‘‘weak’’. We deal with a weak interface described by the spring-layer model, which assumes that the interfacial
stress is a function of the gap in the displacements.
This model was initially proposed by Golland and Reissner (1944). Asymptotic justiﬁcations of spring-layer
model were obtained by many authors, for example, see Geymonat et al., 1999 and references cited therein.
Let us suppose that we have a thin interface between matrix and ﬁbre (Fig. 8).
We suppose the material of the interface to be incompressible, so Poisson’s coeﬃcient of interface is equal
to 1/2. In this case the interface guarantees perfect bonding in normal direction, and only tangential sliding is
possible (Geymonat et al., 1999, Lenci, 2000):sðyÞ ¼ k½V jf ðyÞ  V ð2bj; yÞ; j ¼ 0;1;2; . . . ; ð6:1Þ
x, U
y, V
H
0
dd
matrix
, 1 2i iE ν =, 1 2i iE ν =
interface
fibre
interface
matrix
Fig. 8. Fibre-reinforced composite with interface.
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The parameter k summarizes the mechanical characteristics of the interface and can be computed from the
elastic moduli of the interface (Geymonat et al., 1999). For the case of an incompressible interface one has
k = Ei/(3d).
We consider now a periodic weak interface problem and study it for the period b < x < b. The governing
Eqs. can be written as follows:EhV yy þ GhV xx ¼ 2sðyÞdðxÞ; ð6:2Þ
E1FV fyy ¼ 2s; ð6:3Þ
V y ¼ 0 at y ¼ 0;H ; ð6:4Þ
E1FV fy ¼ P at y ¼ 0;H : ð6:5ÞApplying the ﬁnite integral transform (4.3) to Eqs. (6.1)–(6.5) one obtains: ps
H
	 
2
EhV ðx; sÞ þ GhV xxðx; sÞ ¼ 2ssdðxÞ; ð6:6Þ
sðsÞ ¼ k½V f ðsÞ  V ðx; sÞ; ð6:7Þ
 ps
H
	 
2
E1F V f ðsÞ ¼ 2sðsÞ  P ½ð1Þs  1; ð6:8ÞwheresðsÞ ¼
Z H
0
sðyÞ cos psy
H
dy: ð6:9ÞApplying the ﬁnite integral transformeV ðq; sÞ ¼ Z b
b
V ðx; sÞ cos pqx
2b
dx ð6:10Þto Eq. (6.6) one obtainseV ðq; sÞ ¼ 2sðsÞ
Eh psH
 2 þ Gh pqH 2h i :Using the inverse transform (5.5), computing the obtained series by means of formula 5.4.5.1 of Prudnikov
et al. (1986) and omitting the term H/(pasb) we obtainV ðx; sÞ ¼ sðsÞH
psh
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
cosh pasðbxÞH
	 

sinh pasbH
  : ð6:11Þ
Supposing x = 0 from Eq. (6.7) one obtains
Fig. 9
bottom
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 h i.
Then from Eq. (6.8) one obtainssðsÞ ¼ P ½ð1Þ
s  1
2þ psH
 2
E1FuðsÞ
:Using the ﬁnite inverse integral transform (4.8) we derivesðyÞ ¼ 4Ph
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
pE1F
X
j¼1;3;5;...
cos pjyH
gH þ jcotanh pajbH
 þ k1j2 ; ð6:13Þ
where k1 ¼ p
ﬃﬃﬃﬃﬃﬃ
EG
p
kH .
Some numerical results are shown on Figs. 9 and 10, where we use the non-dimensional contact force s* and
the non-dimensional coordinate y*:s ¼ s= 4Ph
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
pE1F
 !
; y ¼ 2y
H
; ð6:14Þand suppose m = 0.3, gH = 0.1, b/H = 0.1.
For b!1 from Eq. (6.13) one obtains the solution for a single ﬁbre in the matrix-strip:sðyÞ ¼ 4Ph
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
pE1F
X
j¼1;3;5;...
cos pjyH
gH þ jþ k1j2
: ð6:15Þ. Non-dimensional contact force versus the non-dimensional coordinate for various values of interface stiﬀness. From top to
: k1 = 0.01, 0.05, 0.1, 0.2, 0.4, 0.8, 1.
Fig. 10. Non-dimensional contact force versus the non-dimensional interface stiﬀness, y* = 0.
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pE1F
Z 1
0
cosðysÞds
D1ðsÞ ; ð6:16Þwhere D1(s) = s
2 + 2g2s + g3, g2 ¼ k2 ﬃﬃﬃﬃﬃﬃEGp , g3 ¼ 2hkE1F .
For suﬃciently rigid ﬁbres the polynomial D1(s) has the real rootsai ¼ g2 þ ð1Þi
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g22  g3
q
; i ¼ 1; 2: ð6:17ÞThen from Eq. (6.16) and (6.17) one obtains:sðyÞ ¼ 4Phk
pE1Fg3
siða1yÞ sinða1yÞ  siða2yÞ sinða2yÞþ½ Ciða1yÞ cosða1yÞ  Ciða2yÞ cosða2yÞ: ð6:18ÞFor a ﬁnite value of b and H!1, Eq. (6.13) gives:sðyÞ ¼ 4Ph
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EþG
p
pE1F
Z 1
0
cosðysÞds
D2ðsÞ ; ð6:19Þwhere k2 ¼
ﬃﬃﬃﬃﬃﬃ
EG
p
k ;D2ðsÞ ¼ k2s2 þ scotanhðabsÞ.
The denominator of the integral in the right hand part of Eq. (6.19) has the following asymptotic
representations:D2ðsÞ ! 1abþ g1 for s! 0; ð6:20Þ
D2ðsÞ ! k2s2 þ g1 for s!1: ð6:21ÞUsing Eqs.(6.19), (6.20), one can reduce Eq. (6.19) to the following formsðyÞ  4Phk
pE1F
Z 1
0
cosðysÞ
s2 þ g24
ds; ð6:22Þwhere g24 ¼ abg1þ1abk11 .
The integral on the right hand part of Eq. (6.22) can be calculated in closed form using formula 2.5.5.6 of
Prudnikov et al. (1986):sðyÞ ¼ 2Phk
E1Fg4
expðg4yÞ:Now let us consider a problem when the loading is applied to only one ﬁbre (namely, at x = 0). We shall take
into account the inﬂuence of the other ﬁbres using the three-phase model (TPM) (Christensen, 2005). This
model has been proposed by Bruggeman (1935) for a transport problem and was further generalised by Kerner
(1956a,b) for an elastic problem. The TPM is based on the following hypothesis: the periodically heteroge-
neous composite structure is approximately replaced by a three-phase medium consisting of a single ﬁbre, a
matrix layer, and an inﬁnite eﬀective medium with certain homogenized mechanical properties. The TPM is
widely used for the determination of the eﬀective properties of composite materials. Ermolenko (1986) and
Protasov et al. (1987) have applied it to the calculation of local stresses in ﬁbre-reinforced composites.
We replace the ﬁbre-reinforced composite strip in the domain |x| > a by a homogenized media with rigidity
characteristics G and Ea = E* + E1F/(bh) (Fig. 11). A value of the parameter a can be chosen in diﬀerent ways;
in the simplest case one can suppose a = 2b.
The governing Eqs. can be written as follows:
x, U
y, V
H
0
P
P
aa
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a a
V E h Gh−
−
, ,
a a
V E h Gh+
, ,V E h Gh , ,V E h Gh+* *
Fig. 11. Three-phase model approximation.
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EaV ayy þ GV axx ¼ 0; ð6:24Þ
V þð0; yÞ ¼ V ð0; yÞ; ð6:25Þ
GhðV þx ðþ0; yÞ  Ux ð0; yÞÞ ¼ 2sðyÞ; ð6:26Þ
V  ¼ V a at x ¼ a; ð6:27Þ
V x ¼ V ax at x ¼ a; ð6:28Þ
V y ¼ V ay ¼ 0 at y ¼ 0;H ; ð6:29Þ
E1FV fy ¼ P at y ¼ 0;H ; ð6:30Þ
V a ! 0 at jxj ! 0: ð6:31ÞApplying the integral transform (4.3) to Eqs. (6.23), (6.24) we obtainV xx 
psa
H
	 
2
V  ¼ 0; ð6:32Þ
V axx 
psa1
H
	 
2
V a ¼ 0; ð6:33Þwhere a1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ea=G
p
.
Solutions of Eqs. (6.31), (6.33) areV a ¼ Ca ðsÞ exp 
psa1
H
x
	 

: ð6:34ÞIntegrating Eq. (6.32) one obtainsV  ¼ C1 ðsÞ exp 
psa
H
x
	 

þ C2 ðsÞ exp
psa
H
x
	 

: ð6:35ÞTaking into account the symmetry of the problem, one obtains from Eqs. (6.27), (6.28):C1 ¼ Cþ1 ¼ C2 ; C2 ¼ Cþ2 ¼ C1 ; Ca ¼ Cþa ¼ Ca : ð6:36Þ
Ca ¼ 2ð1 bÞ exp
pðaþ a1Þsa
H
 
C2; C2 ¼ 1 b
1þ b exp 
2pasa
H
 
C1; ð6:37Þwhere b = a1/a > 1.
The equilibrium conditions for the ﬁbre can be written as follows:sðyÞ ¼ k½V f ðyÞ  V þðþ0; yÞ; ð6:38Þ
E1FV fyy ¼ 2s: ð6:39ÞApplying the integral transform (4.3) to Eqs. (6.26), (6.28), (6.39) and taking into account Eq. (6.30) we obtain
Fig. 1
bottom
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 ps
H
	 
2
E1F V f ðsÞ ¼ 2sðsÞ  P ½ð1Þs  1; ð6:41Þ
pasGhðC1  C2Þ ¼ sðsÞH : ð6:42Þ
Eqs. (6.40), (6.41), (6.42) yield:V f ¼ C1 þ C2 þ sðsÞk ; ð6:43Þ
C1 ¼ sðsÞwðsÞ; ð6:44Þ
sðyÞ ¼ 4Ph
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
pE1F
X
j¼1;3;5;...
cos pjyH
gH þ jw1 þ k1j2
; ð6:45ÞwherewðsÞ ¼ H
psh
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
b1
1þb exp  2pasaH
 þ 1h i ; w1ðjÞ ¼
1 1b
1þb exp  2pajaH
 
1þ 1b
1þb exp  2pajaH
  : ð6:46Þ
For b = 1, Eq. (6.45) goes over into Eq. (6.14). The function w1(s) allows to take into account the eﬀect of
others ﬁbres.
Some numerical results are shown on Figs. 12 and 13, where we use the nondimensional parameters (6.14)
and suppose m = 0.3, gH = 0.1, b/H = 0.1, b = 10.2. Non-dimensional contact force versus the non-dimensional coordinate for various values of interface stiﬀness. From top to
: k1 = 0.01, 0.05, 0.1, 0.2, 0.4, 0.8, 1.
Fig. 13. Non-dimensional contact force versus the non-dimensional interface stiﬀness, y* = 0.
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We start with the analysis of a single broken ﬁbre (Fig. 14). The governing Eqs. can be written as follows
(Lenci, 2000):EhV yy þ GhV xx ¼ 2sðyÞdðxÞ; ð7:1Þ
E1FV fyy ¼ 2sþ E1F dyðy  H=2ÞD; ð7:2Þ
sðyÞ ¼ k½V f ðyÞ  V ð0; yÞ; ð7:3Þ
V y ¼ 0 at y ¼ 0;H ; ð7:4Þ
V fy ¼ 0 at y ¼ 0;H ; ð7:5Þ
V ! 0 at jxj ! 1: ð7:6ÞUsing the integral transforms (4.3) and (4.5) from Eqs. (7.1)–(7.6) one obtains:sð2nþ 1Þ ¼ ð1Þ
nkDHð2nþ 1Þ
p½ð2nþ 1Þ2 þ k3ð2nþ 1Þ þ k4
; n ¼ 0; 1; 2; . . . ;where k3 ¼ 2kHph ﬃﬃﬃﬃﬃﬃEGp , k4 ¼ kH2p2E1F . The inverse transform (4.8) gives
sðyÞ ¼ 2Dk
p
X1
j¼0
ð1Þjð2jþ 1Þ cos ð2jþ 1Þ pyH
 
ð2jþ 1Þ2 þ k3ð2jþ 1Þ þ k4
: ð7:7ÞUsing the identity (formula 5.4.6.8 of Prudnikov et al., 1986)X1
j¼0
ð1Þj cos ð2jþ 1Þ pyH
 
ð2jþ 1Þ ¼
p
4
ð7:8Þfrom Eq. (7.6) one obtainssðyÞ ¼ Dk
2
þ 2Dk
p
X1
j¼0
ð1Þjþ1½k3ð2jþ 1Þ þ k4 cos ð2jþ 1Þ pyH
 
ð2jþ 1Þ½ð2jþ 1Þ2 þ k3ð2jþ 1Þ þ k4
: ð7:9ÞFor y = H/2 one has s(y) = Dk/2, which coincides with the result by Lenci (2000) for an inﬁnite ﬁbre and
matrix.
In order to predict the eﬀect of other ﬁbres we use the TPM (Fig. 15). The governing Eqs. can be written as
follows:x,U
y,V 
H
 
0
P
P
Δ 
H
 / 
2 
Fig. 14. Single broken ﬁbre in the matrix-strip.
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/2
x,U
y,V
H
0
P
P
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, ,V E h  Gh h  Gh− , ,V E+* *
Fig. 15. TPM approximation for the composite strip with the broken ﬁbre.
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EaV ayy þ GV axx ¼ 0; ð7:11Þ
V þðþ0; yÞ ¼ V ð0; yÞ at x ¼ 0; ð7:12Þ
GhðV þx ðþ0; yÞ  V x ð0; yÞÞ ¼ 2sðyÞ; ð7:13Þ
V  ¼ V a at x ¼ a; ð7:14Þ
V x ¼ V ax at x ¼ a; ð7:15Þ
V a ! 0 at jxj ! 1: ð7:16ÞApplying the integral transform (4.3) to Eqs. (7.10), (7.11) we obtainV axx 
psa1
H
	 
2
V a ¼ 0; ð7:17Þ
V xx 
psa
H
	 
2
V  ¼ 0: ð7:18ÞThe solution of Eqs. (7.16), (7.17), (7.18) can be written as follows:V a ¼ Ca ðsÞ exp 
psa1
H
x
	 

; ð7:19Þ
V  ¼ C1 ðsÞ exp 
psa
H
x
	 

þ C2 ðsÞ exp
psa
H
x
	 

: ð7:20ÞTaking into account the symmetry of the problem, one obtains from Eqs. (7.14), (7.15)C1 ¼ Cþ1 ¼ C2 ; C2 ¼ Cþ2 ¼ C1 ; Ca ¼ Cþa ¼ Ca ; ð7:21Þ
Ca ¼ 2ð1 bÞ exp
pðaþ a1Þsa
H
 
C2; C2 ¼ 1 b
1þ b exp 
2pasa
H
 
C1: ð7:22ÞThe equilibrium conditions for the ﬁbre readsðyÞ ¼ k½V f ðyÞ  V þðþ0; yÞ; ð7:23Þ
E1FV fyy ¼ 2sþ E1F dyðy  H=2ÞD: ð7:24ÞApplying the integral transform (4.3) to Eqs. (7.13), (7.23), (7.24) we obtain:sðsÞ ¼ k½V f  ðC1 þ C2Þ; ð7:25Þ
 E1F psH
	 
2
V f ¼ 2sþ DE1F psH
	 

sin
ps
2
; ð7:26Þ
pasGhðC1  C2Þ ¼ sH : ð7:27ÞEqs. (7.25), (7.26), (7.27) yield:
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C1 ¼ swðsÞ; ð7:29Þ
s ¼ 2Dk
p
X1
j¼0
ð1Þjð2jþ 1Þ cos pð2jþ1ÞH y
h i
ð2jþ 1Þ2 þ k3ð2jþ 1Þw1 þ k4
; ð7:30Þwhere functions w(s), w1(s) are deﬁned by Eqs. (6.46).
Using Eq. (7.8) we derive from Eq. (7.30) we derives ¼ Dk
2
þ 2Dk
p
X1
j¼0
ð1Þjþ1½k3w1ð2jþ 1Þ þ k4 cos pð2jþ1ÞH y
h i
ð2jþ 1Þ½ð2jþ 1Þ2 þ k3ð2jþ 1Þw1 þ k4
: ð7:31ÞAt b = 1, Eq. (7.31) goes over into Eq. (7.9).8. Partially debonded ﬁbre
Now let us consider a problem with a ﬁbre partially debonded in the regions 0 6 y 6 H1 and H1 6 y 6 H
(Fig. 16). The equilibrium Eqs. for the matrix and the ﬁbre readEhV yy þ GhV xx ¼ 2sðyÞdðxÞ; ð8:1Þ
E1FV fyy ¼ 2s: ð8:2ÞIn the sequel we suppose2sðyÞ ¼
X1
i¼1
Ai cos
ipy
H
; ð8:3Þwhere Ai are unknown coeﬃcients. The solution for the case of perfect bonding obtained in Chapter 6 reveals
that the series (8.3) converges.
The transmission of interfacial stresses between the matrix and the ﬁbre is:2sðyÞ ¼ ½k  k1UðyÞ½V f ðyÞ  V ð0; yÞ; ð8:4Þ
where U(y) = h(x)  h(x  H1) + h(x + H1  H), h(x) is the Heaviside function, coeﬃcient k1 characterizes
adhesive eﬀects between ﬁbre and matrix in the debonding domains.
The boundary conditions for Eqs. (8.1), (8.2) have the formV y ¼ 0 at y ¼ 0;H ; ð8:5Þ
V fy ¼ P at y ¼ 0;H : ð8:6ÞOne must also add the decay-conditionx,U
y,V 
H
0
P
P
H
1
H
1
Fig. 16. Partially debonded ﬁbre in the matrix-strip.
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Applying the ﬁnite integral transform (4.3) to Eqs. 8.1, 8.5 and 8.2, 8.6 one obtains: ps
H
	 
2
EhV þ GhV xx ¼ AðsÞHdðxÞ; ð8:8Þ
 ps
H
	 
2
E1F eV f ¼ AðsÞH þ P ½ð1Þs  1: ð8:9ÞUsing the cosine integral transformeV ðq; sÞ ¼ Z 1
0
V ðx; sÞ cosðqxÞdx; ð8:10Þone obtains from Eq. (8.8)eV ¼  AðsÞH
Gh q2 þ apsH
 2h i : ð8:11Þ
Applying to Eq. (8.11) the inverse cosine transformV ðx; sÞ ¼ 1
2p
Z 1
0
eV ðq; sÞ cosðqxÞdq ð8:12Þ
we deriveV ¼ 1
2p
Z 1
0
AðsÞH cosðqxÞ
Gh q2 þ apsH
 2h i dq ¼ AðsÞH4Gh apsH  exp  apsH x
	 

; ð8:13Þ
V ð0; sÞ ¼  AðsÞH
4Gh apsH
  : ð8:14Þ
From Eq. (8.9) one obtainsV f ¼ AðsÞH þ P ½1 ð1Þ
s
E1F psH
 2 : ð8:15ÞUsing the inverse transform (4.8) from Eqs. (8.14) and (8.15) one obtains:V ð0; yÞ ¼  H
pGha
X1
j¼1
AðjÞ
j
cos
jpy
H
; ð8:16Þ
V f ðyÞ ¼  2H
2
p2E1F
X1
j¼1
AðjÞ
j2
cos
jpy
H
þ 4HP
p2E1F
X
j¼1;3;5...
1
j2
cos
jpy
H
: ð8:17ÞSubstituting Eqs. 8.3, 8.16, and 8.17 into Eq. (8.4) and splitting it with respect to cosines we obtain an inﬁnite
system of liner algebraic Eqs. for the unknown coeﬃcients A(j):AðjÞ¼ ð0:5kH þ k1H 1Þ P ½1ð1Þ
sH
p2j2E1F
AðjÞH
pj
H
pjE1F
 1
4
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
  
 k1
X1
i¼1
i 6¼j
AðiÞH
pj
H
piE1F
 1
4
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
 
sin½pðiþ jÞH 1=H 
iþ j þ
sin½pði jÞH 1=H 
i j
 
; j¼ 1;2;3; . . . : ð8:18Þ
regular system can be solved by the reduction method (Kantorovich and Krylov, 1958), however, we pro-This
pose the following iteration scheme. In the zero approximation we take into account in Eqs. (8.18) only the
diagonal termsDjA0ðjÞ ¼ P j; j ¼ 1; 2; 3; . . . ;
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 
H
pE1Fj
 1
4
ﬃﬃﬃﬃﬃﬃ
EG
p
h i
, Pj ¼ k2þ k1 H1H
  P ½1ð1ÞjH2
E1F p2j2
.
The equations for the successive approximations can be written as follows:DjAðjÞ ¼
X1
i 6¼ j
j ¼ 1
Dð1Þi AðiÞ; j ¼ 1; 2; 3; . . . ;where Dð1Þj ¼ H2pj HpE1Fj 14 ﬃﬃﬃﬃﬃﬃEGph i sin½pðiþjÞH1=H iþj þ sin½pðijÞH1=H ijn o, j = 1,2,3,. . .,i5 j.
In order to improve the convergence of the proposed iteration scheme one can use Pade´ approximants
(Andrianov et al., 2004).9. The ﬁbre-reinforced composite strip with an inﬁnite matrix crack
Under tensile load applied parallel to the ﬁbres, it is possible that a single crack in the matrix crosses the
entire specimen leaving the ﬁbres intact. If the stresses carried by these bridging ﬁbres are not too high, then
the applied load can be raised to the value for which matrix cracks parallel to the ﬁrst one can appear (Aveston
et al., 1971; Aveston and Kelly, 1973). On the other hand, if the stresses imposed on the ﬁbres are high enough,
the matrix crack may aﬀect the ﬁbres causing failure of the composite. Hence, further matrix cracking and,
consequently, ultimate strength depend on the state of stress prevailing once a single bridging matrix crack
has crossed the entire specimen. This suggests that a stress analysis of the composite strip shown in Fig. 12
would be quite useful (Dollar and Steif, 1988). For convenience we suppose that the length of the matrix
in y direction equals 2H2 (Fig. 17).
The governing Eqs. for 2b < x < 2b can be written as follows:
EhV yy þ GhV xx ¼ 2sðyÞdðxÞ; ð9:1Þ
E1FV fyy ¼ 2s; ð9:2Þ
V y ¼ 0 at y ¼ 0;H 2; 2H 2; ð9:3Þ
E1FV fy ¼ P at y ¼ 0; 2H 2; ð9:4Þ
V f ¼ 0 at y ¼ H 2: ð9:5ÞLet us introduce an unknown ﬁbre-force P1 at the point x = 0, y = H2; then Eqs. (9.4), (9.5) can be replaced to
the following onesE1FV fy ¼ P at y ¼ 0; ð9:6Þ
E1FV fy ¼ P 1 at y ¼ H 2: ð9:7ÞUsing the ﬁnite integral transform (4.3) from the Eqs. (9.1)–(9.4), (9.6), (9.7) one obtains:x,U
y,V
2H
2 
0
P
P
P
P
P 
P 
P
P
P
P
2b
H
2 
Fig. 17. Composite strip with an inﬁnite matrix crack.
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H 2
 2
EhV þ GhV xx ¼ 2sdðxÞ; ð9:8Þ
sðsÞ ¼ k½V f ðsÞ  V ð0; sÞ; ð9:9Þ
 ps
H 2
 2
E1F V f ¼ 2s P þ P 1ð1Þs; ð9:10Þwhere s is deﬁned by Eq. (6.9).
Using the ﬁnite integral transform (6.10), one obtains from Eq. (9.10):s ¼ P þ ð1Þ
sP 1
2þ psH2
	 
2
E1Fu1ðsÞ
; ð9:11Þwhere u1ðsÞ ¼ 1k þ H2psh ﬃﬃﬃﬃﬃﬃEGp cotanh pasbH2	 
h i.
Eqs. (6.12) and (9.11) yield:V f ¼ ½P þ ð1Þ
sP 1u1ðsÞ
2þ psH2
	 
2
E1Fu1ðsÞ
: ð9:12ÞApplying the ﬁnite inverse integral transform (4.8) to Eqs. (9.11) and (9.12) we obtain:sðyÞ ¼ 2Ph
ﬃﬃﬃﬃﬃﬃﬃﬃ
EG
p
pE1F
X
j¼1
½P þ ð1ÞjP 1 cos pjyH2
gH þ jcotanh pajbH2
	 

þ k1j2
; ð9:13Þ
V f ¼
X1
j¼1
½P þ ð1ÞjP 1u1ðjÞ cos pjyH2
	 

2þ pjH2
	 
2
E1Fu1ðjÞ
: ð9:14ÞFinally, the unknown constant P1 can be determined from Eqs. (9.6) and (9.14):P 1 ¼ P
X1
j¼1
ð1Þju1ðjÞ
2þ pjH2
	 
2
E1Fu1ðjÞ
X1
j¼1
u1ðjÞ
2þ pjH2
	 
2
E1Fu1ðjÞ
:
,10. Conclusions
The diﬀusion of the load from a ﬁbre to a surrounding matrix has been analysed for the 2D case. All solu-
tions have been obtained in closed analytical form. We have used the method proposed by Kosmodamianskii
(1966) and, independently, by Manevitch et al. (1970). The comparison of the approximate solutions based on
this approach with known analytical results obtained by Melan (1931), Koiter (1955) and Grigolyuk and Tol-
kachev (1987) show the acceptable accuracy of the proposed asymptotic simpliﬁcations.
Diﬀerent models have been considered. Firstly we analysed the classical case of the perfect bonding of the
ﬁbre and the matrix and solved the problems for a single ﬁbre in the matrix-strip and for a periodic system of
ﬁbres. We have also obtained the solutions for half-plane problems. In these cases we can compare our solu-
tions with some results obtained by Manevitch and Pavlenko (1991).
Then we considered problems for which analytical solution are unknown. In particular, we calculate the
inﬂuence of the interface stiﬀness on the diﬀusion of load from a single ﬁbre and from a periodic system of
ﬁbres to the matrix. Here we used the concept of weak interface. In the case that only a single ﬁbre was loaded,
the inﬂuence of all other ﬁbres has taken into account by means of the three-phase model.
The proposed approach gives the possibility to solve problems for broken ﬁbres and a broken matrix, as
well as for partly debonded ﬁbres. The important problem of inﬁnite matrix cracks has also been solved in
the present paper.
I.V. Andrianov et al. / International Journal of Solids and Structures 45 (2008) 1217–1243 1241The obtained results can be used for the calculation of pull-out and push-out tests, as well as for the inves-
tigation of the fracture of composite materials. In Civil Engineering, the obtained solutions can describe the
behaviour of piles or piers embedded in soil media exhibiting a linear elastic response in the working-load
range (Selvadurai and Rajapakse, 1985).
We must also mentioned that obtained solutions can be trivially generalized for the case of an orthotropic
matrix if we replace rigidity parameters E*h,Gh, Eah to B11,B33, Ba = B11 + E1F/b respectively.
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